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Abstract
General relativity can be formulated as a complex BF-theory with constraints, as given by
Pleban´ski. We show that a straightforward OSp(2|1) extension of the action requires additional
fields with one constraint, and that supergravity with cosmological constant turns out on-shell,
after the application of integrability conditions in the action. The action is invariant under Kalb-
Ramond transformations which, as in usual BF theories, correspond on-shell to diffeomorphisms.
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I. INTRODUCTION
The problem of quantization of gravity is one the most important unsolved problems
in physics. The most promising approaches to solve it have been superstring theory and
loop quantization [1]. In the loop approach, quantization can be done in a diffeomorphism
invariant setting, by means of a graph approach of the path integral formulation of Pleban´ski
complex BF action [2], i.e. by spin-foam [3] or state-sum models, in which the metricity
(simplicity) constraints of the B-field impose conditions on the allowed representations of
the associated symmetry group [4]. Inversely, starting from spin-foam models, the Pleban´ski
action turns out in the continuum limit [3, 5].
In this search one important element has been given by gauge formulations. Such formu-
lations have been useful in particular for the incorporation of supersymmetry with gravity
to get supergravity [6, 7]. Following this philosophy, MacDowell and Mansouri have written
a gauge theory for gravity and for supergravity [8], where the tetrad and the spin connec-
tion are components of a gauge field of the group SO(3, 2), respectively of the supergroup
Osp(1|4). In this approach, the action contains terms which explicitly break symmetry.
Simultaneously to this work, Pleban´ski has worked out a complex BF -action [9], with gauge
invariance under SL(2, C), which can be rewritten as a local Lorentz invariant action with
self-dual fields [10]. The relation to gravity arises through the so called simplicity or metric-
ity constraints, i.e. the traceless bilinear form of two B-fields vanish, whose solution is given
in terms of a tetrad [9]. Thus from a chiral, right handed constrained BF-theory, a non-
chiral theory arises. These constraints can be included into the action by means of suitable
Lagrange multipliers. From this action written in terms of the tetrad, the self-dual Pala-
tini action follows, and thus the Ashtekar action as shown by Samuel [11]. For a thorough
analysis see e.g. [12, 13]. A supergravity version, with an action invariant under SL(2, C),
has been given by Jacobson [10]. This action has been further considered by Capovilla et.
al. [12], who found suitable fermionic constraints acting on a two-form valued right handed
spinor, and whose solution is given in terms of a one-form valued left-handed spinor. In-
variant actions under OSp(2|1) have been given by various authors [14–18], as well as a
self-dual version of the MacDowell-Mansouri supergravity action [20], with OSp(4|1) gauge
fields. OSp(2|1) loop quantum supergravity has been also considered [15, 16], by means of
extensions of the Ashtekar formulation. The BF action of Capovilla et.al. [12] with a cosmo-
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logical constant term has been studied for N = 1 and N = 2 by various authors [14, 17, 18].
In these works, the BF part of the action has been written in an Osp(2|1) covariant way [17],
and the constraints have been written as supertraces under certain irreducible representa-
tions of OSp(2|1) [18]; they show also that the Kalb-Ramond on-shell symmetry [19] breaks
down, unless certain conditions on the vector transformation parameters are imposed. None
of these actions has been obtained straightforwardly from the corresponding bosonic action,
i.e. by substituting the fields by Osp(2|1) fields and the trace by a supertrace, and the
problem turns out to be that the simplicity constraints cannot be generalized directly, by a
supertraceless bilinear form.
The renormalizability properties of the Pleban´ski action have been studied in [21], where
it is argued that the quantum effects can be resumed by an effective, field dependent cos-
mological constant, leading then to a modified “non-metric” formulation. Consequences of
this theory have been studied for the Ashtekar formulation, for spin foams in [22], and in
cosmology [23]. Another generalization is given in [24], where by relaxing the constraints a
generalized potential for the BF theory is proposed, and it is argued that it leads as well to
general relativity.
Generalizations of the Pleban´ski action, with real fields, have been studied in [25], where it
is extended to higher dimensions, and in [26]. Recently, generalizations have been considered
for extended groups in [27], where a Yang-Mills sector arises from the extra gauge fields.
More recently, the Pleban´ski action has been traced back to a Matrix theory [28].
In [24], Krasnov considered the Pleban´ski action with the cosmological constant gener-
alized by a field, and it turns out that the consistency of the equations of motion plus the
simplicity constraints require that this field is constant. Thus this action leads on-shell to
the action of Pleban´ski. In [29] an action with the same form, i.e. with a field instead the
cosmological constant, but with real fields, has been related to a proposal by Husain and
Kuchar [30].
A straightforward supergroup generalization of the Pleban´ski action would be expected
to be given by the vanishing of the supertrace of the product of two B-fields. However, as
we show, it leads to a nilpotent volume element. In fact, this seems to be the reason why
in previous works, the supersymmetric simplicity constraints have not been written in a
compact, covariant OSp(2|1) form. In the search of this generalization we were lead to the
action of Krasnov mentioned in the previous paragraph, with an additional constraint term
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which becomes relevant for the supergroup action [31]. Further we show that the equations
of motion of the supergroup action plus the resulting generalized simplicity constraints, lead
to similar consistency conditions as in the bosonic case, in such a way that when applied to
the action, it follows Townsend supergravity [32]. Furthermore for both actions, bosonic and
supersymmetric, the Kalb-Ramond invariance can be implemented without extra conditions,
and lead as usual to diffeomorphisms. In Sec. 2, we consider the SU(2) theory. In Sec. 3
we consider the OSp(2|1) generalization and in Sec. 4 we draw some conclusions.
II. BF ACTION OF GRAVITATION
Pleban´ski has given a complex theory in [9]. This theory can be formulated as a purely
self-dual SO(1, 3) theory as shown by Jacobson [10], who has shown also that this action
amounts to a real theory because its imaginary part becomes a total derivative when the
field equations of the Lorentz connection are considered. Let us take a SU(2) complex one-
form connection Ω = Ωit
i (i = 1, 2, 3), with its two-form field strength F = dΩ + Ω ∧ Ω.
The generators of the algebra satisfy [ti, tj ] = 2iǫijkt
k and Tr(titj) = 2δij, where ǫijk is the
Levi-Civita symbol.
The Pleban´ski action with cosmological constant Λ is given by,
I =
2i
k
∫ [
TrB ∧ F +Bi ∧
(
Φ
(t) j
i +
Λ
3
δ
j
i
)
Bj
]
, (1)
where B = Biti is a Lie algebra valued two-form, and the symmetric traceless tensor Φ
(t)
ij is
a zero-form. The variation of Φ
(t)
ij leads to the simplicity constraints
Bi ∧ Bj − 1
3
δijBk ∧ Bk = 0. (2)
This action can be straightforwardly generalized to be invariant under the supergroup
OSp(2|1), however this generalization leads to an inconsistent volume element, as will be
seen in the next section. In [24] a generalization of this action has been pursued and as a
first instance, the tensor field is analyzed by means of an expansion in the complex two-
forms Bi and B¯i, which are supposed to be compatible with the SU(2) connection, i.e.
DB = 0. Hence F i(Ω) = F ijBj + F¯ ijB¯j . Then under the assumption of self-duality the
second term of this equation is discarded. Further, considering the Bianchi identities sat-
isfied by the tensor field, DF = 0, then D(F ijBj) = D(F ij)Bj = 0, which is shown to
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lead to Dµ(F ij)Bi ∧ Bj = 0, see later in this section. Now if the constraints (2) are taken
into account and supposing that BiBi 6= 0, the last equation turns into ∂µTrF = 0. Hence
the traceless part of F turns to be the Weyl tensor, and its trace leads to the the Einstein
equation with cosmological constant, which in this case is written as TrF = Λ. In [24] it is
raised the question of a general action from which this setting follows. Our interest in this
paper is not on this problem, but on an action which could be extended in a straightforward
way to a supergroup action. As we argue in the next section, the following action does this
job,
I =
2i
k
Tr
∫
[B ∧ F +B ∧ Φ(B) + ηΦ] , (3)
where Φ is an automorphism in the space of the Lie algebra valued two-forms, i.e. it
is represented by a matrix, whose matrix elements are fields, which we write as follows
TrB ∧Φ(B) = BiΦ ji Bj. Further, η is a four form with values in the adjoint representation
of SU(2), hence
Tr(ηΦ) = ηiǫ kij Φ
j
k . (4)
This term is irrelevant at this stage because it eliminates the antisymmetric part of the
matrix Φ, and we will not consider it in the rest of this section.
Action (3) satisfies in a specific way the above mentioned requirements. Indeed, in order
to variate the independent degrees of freedom, Φ must be decomposed into its irreducible
components, its trace φ = TrΦ and its traceless part φ
(t)
ij = Φij − 13φδij, hence
I =
2i
k
∫ (
2Bi ∧ Fi + φ(t)ij Bi ∧Bj +
1
3
φBi ∧ Bi
)
. (5)
Further, a variation with respect to φ(t) gives the constraints (2), and the equations of
motion corresponding to the variation of the fields B and Ω are,
Fi + ΦijB
j = 0 and DBi = 0. (6)
Considering the Bianchi identity DF = 0, these equations lead to the consistency conditions
DΦij ∧ Bj = 0, (7)
which suitably contracted with a B-field give
ǫµνρσDνΦijB
i
ρσB
j
µτ = 0, (8)
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from which it follows that (see Appendix) [24],
DµΦijǫ
νρστBiνρB
j
στ = 0. (9)
Hence, taking into account the constraints (2) we can write DµΦijδ
ij = ∂µφ = 0, i.e. φ is
constant and setting it into the action (3) we recover (1).
BF actions have, besides the obvious gauge symmetry, in our case SU(2), a vector sym-
metry [19, 33], which when realized on-shell with field dependent parameters corresponds to
diffeomorphism invariance [33]. For instance the BF action with ‘cosmological constant’
I =
∫ (
TrB ∧ F + 1
2
ΛBi ∧ Bi
)
, (10)
is invariant under the SU(2) transformations,
δαB = −[α,B] and δαΩ = dα− [α,Ω], (11)
and the transformations,
δCB = −DC, and δCΩ = ΛC, (12)
where C are one-form transformation parameters, valued in the Lie algebra of SU(2). It is
well known [33] that the diffeomorphisms plus field dependent gauge transformations follow
on-shell if the transformation parameters have the field dependent form
C = −ivB i.e. C iµ = vνB iµν , (13)
consistently with the fact that from construction the action has diffeomorphism and gauge
invariance. Action (3) inherits these symmetries, although the Kalb-Ramond transforma-
tions can be realized only in the non-linear setting of (13), and the transformations are
now
δvB
i
µν = −Dµ(vρB iνρ ) +Dν(vρB iµρ ), (14)
δvΩ
i
µ = 2v
νΦi jB
j
µν , (15)
δvΦij = v
µDµΦij . (16)
δvη
i = Dµ(v
µηi). (17)
Indeed, if we apply these transformations to action (3), by means of the Bianchi identitity
DF = 0 and ignoring total derivatives, considering (13) we get
δI =
2i
k
∫ (
2DΦijB
iCj + vµDµΦijB
iBj
)
= 0. (18)
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where the last equality is due to the identity (see appendix),
DΦijB
iCj = −1
2
d4xǫµνρσDµΦijB
i
νρB
j
σλv
λ
=
1
8
d4xvλDλΦijǫ
µνρσBiµνB
j
ρσ
= −1
2
vµDµΦijB
iBj. (19)
Further, on-shell, under use of the equations of motion F i+2Φi jB
j = 0 and DBi = 0, trans-
formations (14)-(17) become diffeomorphisms plus field dependent gauge transformations,
δvB
i
µν = v
ρ∂ρB
i
µν + ∂µv
ρBiρν + ∂νv
ρBiµρ − δαBiµν , (20)
δvΩ
i
µ = v
ν∂νΩ
i
µ + ∂µv
νΩiν − δαΩiµ, (21)
δvΦij = v
µ∂µΦij − δαΦij , (22)
δvη
i = ∂µ(v
µηi)− δαηi. (23)
where δα are SU(2) transformations with parameters α
i = vµΩiµ. The four-forms η
i trans-
form as invariant densities.
Before we consider the supergroup action, we review how is obtained gravity from (1). The
fields are decomposed into their real and imaginary parts, Ω = 1
2
(ω+ iω˜) and B = 1
2
(Σ+ iΣ˜).
Thus we get F = 1
2
(R + iR˜), where
Ri = dωi − ǫijkωj ∧ ω˜k, (24)
R˜i = dω˜i +
1
2
ǫijk(ω
j ∧ ωk − ω˜j ∧ ω˜k). (25)
Further, we define ωij = ǫijkω˜
k and Rij = ǫijkR˜
k. Then,
Rij = dωij + ωil ∧ ω jl + ωi ∧ ωj. (26)
Thus, if ωi0 = −ω0i = −ωi, ω00 = 0 and R0i = Ri, it follows that
Rab = dωab + ωac ∧ ω bc (a, b = 0, 1, 2, 3). (27)
The Minkowski metrics signature is ηab = diag(−1, 1, 1, 1). In a similar way, a two tensor
Σab can be obtained from Bi. Thus, we get the self-dual quantities
Ωi = ω(+)0i =
1
2
(
ω0i − i
2
ǫ0icdω
cd
)
(28)
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as well as Bi = Σ(+)0i and Ri = R(+)0i, which satisfy R(+)(ω) = R(ω(+)). These self-dual
quantities satisfy ǫabcdΣ
(+)cd = 2iΣ(+)ab.
Thus, the BF part of the action turns into a self-dual action,
IBF = − i
k
∫
Σ(+)ab ∧ R(+)ab . (29)
AS a well known fact, the solution of the constraints (2) is given by a factorization of
Σab as the product of two tetrad real one-forms [9], and give a basis in the space of the
two-forms,
Σab = ea ∧ eb. (30)
Thus, considering these results and (29), the action (5) can be written as,
I = − 1
4k
∫ (
1
2
ǫabcdΣ
ab ∧ ΣefR cdef d4x+
Λ
6
ǫabcdΣ
ab ∧ Σcd + 2iΣab ∧Rab
)
. (31)
Further, by means of the Bianchi identity DT a = Rab ∧ eb, where T a = Dea is the torsion,
this action can be written as the sum of the Palatini action with cosmological constant, plus
a term linear in the torsion
I = − 1
2k
∫
[R(ω) + 2Λ]ed4x− i
4k
∫
ea ∧DTa, (32)
where e = Det(e aµ ).
As usual the torsion term vanishes, modulo a total derivative, after the variation of spin
connection ω [10].
As have been shown in [11], the self-dual action (29) has also the interesting feature to
coincide with the Ashtekar action. (29) has been also obtained in [20] from the Mac-Dowell-
Mansouri action.
The action of Pleban´ski is formulated in spinorial notation, obtained by vi → v BA =
viσ
i B
A , or v
i = 1
2
σiBA v
B
A , where σ
i B
A are the Pauli Matrices. For the Lorentz group the corre-
sponding embedding is into SL(2, C)⊗ SL(2, C), given for the fundamental representation
by va → vAB˙ = vaσaAB˙, where σ0AB˙ is the identity matrix and σiAB˙ are the Pauli matrices.
With these conventions, the adjoint representation of SO(3, 1) decomposes as,
σa
AA˙
σb
BB˙
vab = ǫA˙B˙(σ
abǫ)ABvab + ǫAB(ǫσ¯
ab)A˙B˙vab = −ǫA˙B˙vAB + ǫABvA˙B˙, (33)
where σab = 1
4
[σa, σ¯b] and σ¯ab = 1
4
[σ¯a, σb], satisfy ǫabcdσ
cd = 2i σab and ǫabcdσ¯
cd = −2i σ¯ab.
Hence vAB and vA˙B˙ are self-dual, respectively anti-self-dual. Consistently with it, for complex
SU(2) vectors we get, uivi = −14u(+)abv(+)ab = −14uABvAB.
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With these elements, equation (28) can be inverted to recover decomposition (33). First
we have
Ω0i = Ωi + Ωi =
1
2
(
σiBA Ω
A
B + σ
iB
A Ω
A
B
)
= (σ0i) BA Ω
A
B + (σ¯
0i)B˙
A˙
ΩA˙
B˙
, (34)
where the bar represents the complex conjugated and,
ΩA˙
B˙
= −Ω AB . (35)
Further
Ωij = − i
2
ǫijk
(
σkBA Ω
A
B − σkBA Ω AB
)
= (σij) BA Ω
A
B + (σ¯
ij)B˙
A˙
ΩA˙
B˙
. (36)
Hence
Ωab = (σab) BA Ω
A
B + (σ¯
ab)B˙
A˙
ΩA˙
B˙
. (37)
Further, in spinorial notation the constraints (2) are
BABBCD − 1
3
δAB(CD)B
EFBEF = 0 (38)
whose solution is shown in [9], B BA = Σ
B
A =
1
4
eAA˙ ∧ eA˙B. Thus considering (35) and (37),
we get (30) Σab = (σab) BA Σ
A
B + (σ¯
ab)B˙
A˙
ΣA˙
B˙
= ea ∧ eb.
Pleban´ski considers in [9] the more general case in which ΣB˙
A˙
and Σ BA are not related by
complex conjugation, see also [12]. Thus for each of them there are independent solutions to
the constraints, called the heavenly and the hellish solutions. Gravity arises after the reality
conditions are imposed, which here correspond to (35).
III. SUPERGROUP ACTION
The supersymmetric generalization of the Ashtekar formulation has been given and
worked out by Jacobson [10], who gave a fermionic SL(2, C) formulation starting from
the first order formalism. Further, Capovilla et. al. [12] considered fermionic constraints
in addition to the constraints (2). This action has been considered further in [14], where
the full supersymmetry invariance is shown, as well as the Kalb-Ramond symmetry. In [17]
a manifest OSp(2|1) invariant BF action which leads to supergravity was written, whith
a cosmological term given by the cosmological constant times STrB2, and in [18] the sim-
plicity constraint terms, bosonic plus fermionic, were given as the supertrace under certain
irreducible representations of OSp(2|1).
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In this section we consider action (3) generalized to OSp(2|1), following the lines of
the previous section. The last term in (3) plays here an important role, as it avoids that
the constraints eliminate too many degrees of freedom, allowing also that the consistency
conditions corresponding to (7) have the right form.
The generalization of action (3) is done by making its fields transforming under the adjoint
representation of OSp(2|1) and substituting the trace by the supertrace. The algebra of
OSp(2|1) is [tp, tq] = f rpq tr, where the nonvanishing components of the structure constants
are,
f kij = −2iǫ kij , f BiA = σ BiA and f iAB = σiAB = ǫBCσi CA . (39)
The invariant Killing metric tensor is,
κpq =

 δij 0
0 ǫAB

 , (40)
and STr(TpTq) = 2κpq.
Further, we have B = Bp tp = B
i ti + B
A tA, and Ω = Ω
p tp = Ω
i ti + Ω
A tA (i = 1, 2, 3,
A = 1, 2), where BA and ΩA are the fermionic differential forms corresponding to Bi and
Ωi.
The field strength is given by F = dΩ+ Ω ∧ Ω = F i ti + FA tA, where,
F i = dΩi + iǫi jkΩ
j ∧ Ωk − 1
2
σi BA Ω
A ∧ ΩB. (41)
From which follows
F ab = Rab − 1
2
σab BA Ω
A ∧ ΩB, (42)
where Rab is given by (27). Furthermore, if we rename ΩA =
√
2kΛψA, we have
FA =
√
2kΛ
[
dψA + Ωi ∧ (σiψ)A
]
=
√
2kΛDψA, (43)
where the covariant derivative can be written also as DψA = dψA − 12ωab ∧ (σabψ)A. Here
Λ denotes the square root of the cosmological constant of the preceding section, from the
usual notation in supergravity.
The natural generalization of the BF part of the action of Pleban´ski is 2i
∫
1
2
STrB ∧ F ,
where the supertrace is given by STrB∧F = 2Bp∧F q κpq = 2Bp∧Fp = 2(Bi∧Fi+BA∧FA).
However, the straightforward generalization of the constraint term does not work as well.
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Indeed, it would be given by the supertraceless expression,
BpBq − 1
5
κpqBrBr = 0. (44)
If we decompose these constraints, their bosonic part is given by Bi ∧Bj − 1
5
δij(Bk ∧Bk +
BA ∧ BA) = 0, from which we get
2Bi ∧Bi = 3BA ∧ BA. (45)
Substituting this equation into the preceding relation, we get the correct bosonic constraints
Bi ∧ Bj − 1
3
δijBk ∧ Bk = 0, which have the solution (30). However, this solution together
with (45) implies that the space-time volume element is nilpotent. Moreover, (44) leads
to the constraints Bi ∧ BA = 0, which turn out to be too strong. Indeed, Bi projects on
the self-dual part and the solution is anti self-dual, i.e. BA = Σ
(−)ab(σaψ¯b)A, which is not
consistent with the Rarita-Schwinger action. The right fermionic constraints were given in
[12], and are given by σi(ABB
i ∧ BC) = 0. We could not find a way to overcome these
drawbacks for a supergroup generalization of action (1), other than to choose action (3) for
the generalization. Hence we will consider the action
I =
2i
k
STr
∫
[B ∧ F +B ∧ Φ(B) + ηΦ] , (46)
where η = ηpTp is a four-form field in the adjoint representation, i.e. (Tp)
r
q = f
r
qp . Thus
STr ηΦ = ηi(2iǫ jki Φjk − σ ABi ΦAB) + ηAσi BA (ΦiB + ΦBi). (47)
The first two terms on the r.h.s, with factor ηi, mean that the antisymmetric part of Φij
and the symmetric part of ΦAB vanish, with no consequences for this action. Thus in the
following we will keep only the terms with ηA in this expression.
Further, in the same way as in the bosonic case, we have the field equations
Fp + Φ
q
p Bq = 0, DBp = 0, (48)
from which follow the consistency conditions
DΦ qp ∧ Bq = 0. (49)
Similarly to the bosonic case (9) (see Appendix), we get
0 = ǫνρστBpνµDρΦ
q
p Bστq =
1
4
ǫνρστBqνρB
p
στDµΦpq. (50)
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In order to analyze this equation, and to derive the rest of the constraints, we first
decompose the matrix Φpq into its irreducible components. We have Φij = φ(t)ij + 1
3
δijΦ1
and ΦAB = −1
2
ǫABΦ2, where Φ1 = Φ
i
i and Φ2 = Φ
A
A. Further,
1
2
(ΦiA+ΦAi) = 1
8
σiBCΦ
BCA =
1
8
σiBC(φ
(BCA) + 2ǫBAφC), where φ(BCA) is fully symmetric and φA =
2
3
σi BA (ΦiB + ΦBi).
Thus from (47) we get Str ηΦ = 3
2
ηAφA, and the action can be written as
I =
2i
k
∫ {
2Bi ∧ Fi + 2BA ∧ FA + φ(t)ijBi ∧ Bj + 1
3
Φ1B
i ∧ Bi − 1
2
Φ2B
A ∧BA
+
1
4
σiBCφ
(BCA)Bi ∧ BA + 1
2
σiABφBBi ∧ BA + 3
2
ηAφA
}
. (51)
Hence if we variate with respect to φ(t)ij , we get the constraints (2). Further, the variation
of φ(ABC) gives the fermionic constraint of Capovilla et. al. [12]
B(ABBC) = σ
i
(ABBC)Bi = 0, (52)
and the variation of ηA gives the constraint
φA = 0. (53)
Therefore, taking into account the decomposition of Φpq and equations (2), (52) and (53),
the r.h.s. of (50) gives,
0 = BqBpDµΦpq =
[
BiBj DµΦji +B
iBADµ(ΦiA + ΦAi) +B
ABB DµΦBA
]
=
1
3
BiBiDµΦ1 +
1
2
BABADµΦ2, (54)
because
BiBADµ(ΦiA + ΦAi) = −1
4
BBCBADµ(φ
(BCA) + 2ǫBAφC). (55)
(54) is a linear equation in which the coefficient of DµΦ1 is bosonic, and the coefficient of
DµΦ2 is fermionic, thus both terms are linear independent as far as both these coefficients do
not vanish. The first coefficient is the volume element and the second one does not vanish,
as will be seen in the following. Therefore we have DµΦ1 = DµΦ2 = 0.
Further,
DµΦ1 = ∂µΦ1 + 2σiABΩ
A
µΦ
Bi = ∂µΦ1 − 3
2
ΩAµφA, (56)
DµΦ2 = ∂µΦ2 − 2σiABΩAµΦBi = ∂µΦ2 +
3
2
ΩAµφA. (57)
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Therefore from (53) we get ∂µΦ1 = ∂µΦ2 = 0, and we set them to be Φ1 = Λ
2 and Φ2 = 16Λ
2,
in such a way that the corresponding terms in (51) have the form of the volume and fermionic
mass cosmological constant terms of supergravity [32].
Returning to the constraints, the solution for Bi is given by the self-dual part of (30),
and the solution of the fermionic constraint [12] can be obtained making the decompostion
BA = −
√
kΣab(σBCab ρA(BC) − σ¯B˙C˙ab ρA(B˙C˙)), and ρA(BC) = ρ(ABC) + 12(ǫABρC + ǫACρB), from
which we get from (52) that σi(BCB
iBA) = ρ(ABC)e d
4x=0. Thus, the self-dual and anti-self-
dual parts of BA are the irreducible components of a one-form spinor field ψ¯
A˙, which are
given by ψ¯ A˙
AA˙
= −8i√ΛρA and ψ¯A(A˙B˙) = 8i
√
ΛρA(A˙B˙), in such a way that,
BA =
i
4
√
k
2Λ
Σab(σaψ¯b)A, (58)
from which then
BABA =
ik
8Λ
ψ¯aσ¯
abψ¯b e d
4x, (59)
which does not vanish.
Thus, the action (51) turns to,
I =
2i
k
∫ (
2Bi ∧ Fi + 2BA ∧ FA + Λ
2
3
Bi ∧Bi − 8Λ2BA ∧BA
)
. (60)
Therefore, taking into account (41), (43) and the solution of the constraints, we get,
I =
∫ {
− 1
2k
[
R(ω) + 2Λ2
]
+ 2Λ
(
ψaσ
abψb + ψ¯aσ¯
abψ¯b
) }
ed4x
+
∫
ea ∧ ψ¯A˙ ∧ (σ¯aDψ)A˙ −
i
4k
∫
ea ∧DTa. (61)
As usual, a variation of ω in this action gives,
δωI =
2
k
∫
ea ∧
[
T b − ik
2
ψA ∧ (σbψ¯)A
]
∧ δω+ab = 0, (62)
from which follows the supertorsion vanishing condition T a − ik
2
ψA ∧ (σaψ¯)A = 0. From
this condition and from ψA ∧ (σaψ¯)A ∧ ψB ∧ (σaψ¯)B = 0 follow, modulo surface terms,∫
ea ∧ DTa = 0 and
∫
ea ∧ ψ¯A˙ ∧ (σ¯aDψ)A˙ =
∫
ea ∧ Dψ¯A˙(σ¯aψ)A˙. Therefore we get the
supergravity action with cosmological constant of Townsend [32],
I =
∫ {
− 1
2k
[
R(ω) + 2Λ2
]− 1
2
ǫµνρσ
(
Dµψνσρψ¯σ − ψµσνDρψ¯σ
)
+2Λ
(
ψaσ
abψb + ψ¯aσ¯
abψ¯b
) }
e d4x, (63)
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Note that the values of the parameters in this action have been chosen in such a way
that it is consistent, i.e. that the imaginary part of the final action does not generate new
equations of motion, and that the parameters have a physical interpretation. In particular
STrΦ = φ1+φ2 is invariant and constant, so we expect naturally that to it corresponds only
one scale, given by the cosmological constant.
The transformations corresponding to (14)-(16) under which action (46) is invariant are
easily obtained,
δvB
p
µν = −Dµ(vρB pνρ ) +Dν(vρB pµρ ), (64)
δvΩ
p
µ = 2v
νΦpqB qµν , (65)
δvΦ
pq = vµDµΦ
pq, (66)
δvη
p = Dµ(v
µηp). (67)
Similarly to the bosonic case, the on-shell application of these transformations corresponds
to diffeomorphisms plus field dependent gauge transformations, giving the same equations
as in (20)-(23), where now the gauge transformations correspond to OSp(2|1).
IV. CONCLUSIONS
The BF formulation of gravity is an interesting field of study [21–24, 27, 28]. Its group
structure makes it suitable for the study of quantum gravity. One important aspect of
it is given by its constraints. In this work we consider its extension to supergravity, first
considering that a straightforward supergroup generalization of the action of Pleban´ski is
inconsistent, because the constraints lead to a nilpotent volume element. This fact motivated
us, in the bosonic case, to consider a generalization (3) of the action given by Krasnov [24],
which has a sort of duality to Pleban´ski action, because it turns out after application of the
consistency conditions of the equations of motion and the constraints, which require that
this field φ is constant. Further we considered the OSp(2|1) extension of this action (46),
with an additional constraint which contributes at various stages of the calculations of the
fermionic constraints, and of the cosmological constant terms. Similar to the bosonic case,
the consistency conditions of the equations of motion, the bosonic and fermionic simplicity
constraints, and the additional constraint, lead to an action which in this case is the action of
supergravity with cosmological constant given by Townsend [32]. Both actions, the bosonic
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and the supergroup ones, have a non-linear Kalb-Ramond vector symmetry, which on-shell
corresponds to diffeomorphism invariance.
The BF action of gravity has been considered as the starting point for various general-
izations as well as quantization proposals for gravity. It would be interesting to consider
the quantization of the approach presented in this work, in particular for spin-foam models.
Similarly for the generalizations proposed in [21–26, 28].
Also the introduction of matter into the action [12, 13] or the generalization to higher
dimensions [25] could be considered. The consequences of the presence of a cosmological
constant regarding the deformation of the symmetry group of discretized models could be
also studied [3, 34], as well as the consequences of degenerated metrics [35].
Appendix A
In this appendix we give an algebraic version and a slight generalization of the identity
for two forms given in [24], iξB
(i ∧Bj) = 1
2
iξ(B
(i ∧Bj)). Let us consider the quantity
Ma[bMcd] =
1
3
(MabMcd +MacMdb +MadMbc). (A1)
It is easy to show that,
Ma[bMcd] = −Mb[cMda] = Mc[dMab] = −Md[aMbc]. (A2)
Therefore,
Ma[bMcd] = M[abMcd]. (A3)
All these steps can be repeated if we have a bilinear form with a symmetric Φij , and write
instead of (A1)
ΦijM
i
a[bM
j
cd] = ΦijM
i
[abM
j
cd]. (A4)
or with an (anti)symmetric Φpq,
ΦpqM
q
a[bM
p
cd] = ΦpqM
q
[abM
p
cd]. (A5)
Thus, in general (in four dimensions, considering a Minkowski signature)
ΦpqM
q
a[bM
p
cd] = −
1
24
ǫabcdǫ
efghΦpqM
q
efM
p
gh. (A6)
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In particular we have,
ǫνρστDνΦpqB
q
µ[ρB
p
στ ] =
1
4
ǫνρστDµΦpqB
q
νρB
p
στ . (A7)
This would work as well with anyonic quantities.
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